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We propose control of a snake robot that can switch lifting parts dynamically according to kinematics.
Snakes lift parts of their body and dynamically switch lifting parts during locomotion: e.g., sinus-lifting
and sidewinding motions. These characteristic types of snake locomotion are used for rapid and efficient
movement across a sandy surface. However, optimal motion of a robot would not necessarily be the
same as that of a real snake as the features of a robot’s body are different from those of a real snake.
We derived a mathematical model and designed a controller for the three-dimensional motion of a
snake robot on a two-dimensional plane. Our aim was to accomplish effective locomotion by selecting
parts of the body to be lifted and parts to remain in contact with the ground. We derived the kinematic
model with switching constraints by introducing a discrete mode number. Next, we proposed a control
strategy for trajectory tracking with switching constraints to decrease cost function, and to satisfy
the conditions of static stability. In this paper, we introduced a cost function related to avoidance of
the singularity and the moving obstacle. Simulations and experiments demonstrated the effectiveness
of the proposed controller and switching constraints.
Keywords: snake robot; trajectory tracking; hybrid system; switching constraints; kinematics;
1. Introduction
Snake robots can realize various gaits of snakes and their slim bodies make them useful for
the inspection of pipelines and disaster sites [1][2]. Recent studies have proposed snake robots
and their locomotion: e.g., there have been studies on obstacle-aided locomotion [3][4], adaptive
collision avoidance [5], helical rolling locomotion [6], decentralized control [7], and optimizing
coordinates for locomotion [8]. Hirose modeled a snake using a wheeled link mechanism with no
side slip and proposed a serpenoid curve, which is the most common form of snake locomotion
[9]. This paper treats a snake robot based on a wheeled link mechanism (wheeled snake robot)
as the controlled object.
Sinus-lifting and sidewinding are forms of locomotion unique to snakes. The sinus-lifting motion
is used for rapid movement, while sidewinding is a characteristic locomotion of desert snakes
for moving across a sandy surface. Both sinus-lifting and sidewinding locomotion require the
snake to lift some parts of its body and to switch these parts dynamically. Burdick derived a
three-dimensional kinematic model using the backbone curve and considered the sidewinding
locomotion [10]. Hatton analyzed the stability of the sidewinding locomotion on a slope [11].
Ma derived a model considering Coulomb friction for the interaction with the environment and
compared the efficiency of serpentine locomotion with that of sinus-lifting locomotion [12]. In
these studies, body shape and grounded parts were determined by imitating the motion of a real
∗Corresponding author. Email: mtanaka@uec.ac.jp
1
July 23, 2019 Advanced Robotics switching˙repository
Figure 1. An n-link snake robot.
snake. Conversely, Shigeta and Tsuda considered the relationship between proposed dynamic
manipulability and sinus-lifting motion [13][14]. Lipkin designed various gaits for snake robots
inspired by biology and based on empirical experience [15]. Gong proposed the steering method
of the sidewinding locomotion [16]. Yamada proposed a steering method by superposition of a
pedal wave and a steering wave and investigated the conditions for suitable steering curvature
[17]. In these studies, there was no discussion of the automatic control of the snake robot for
three-dimensional motions, such as sinus-lifting and sidewinding locomotions. The changes in
lifting parts must be considered as a control problem and must be determined adaptively for the
various types of effective locomotion of snake robots.
A hybrid system is a dynamic system involving both continuous and discrete dynamics [18][19].
The snake robot with consideration of the switching of lifting parts of its body can be modeled as
a hybrid system. A dynamic model was proposed with switching lifting parts of the body of the
snake robot along with comparison of the sinus-lifting motion and the optimal switching pattern
[20][21]. However, these studies did not consider autonomous control for the desired trajectory
as the body shape was a serpenoid curve.
Our goal is to realize effective locomotion of snake robots by switching lifting parts dynami-
cally without regard to locomotion patterns of real snakes. This paper presents the trajectory
tracking controller of snake robots that accomplishes sub-tasks using kinematic redundancy and
the switching of lifting parts. We select singularity avoidance and moving obstacle avoidance
of the body as sub-tasks. Previous methods for the obstacle avoidance of snake robots were to
change the path of the robot’s head [22–25]. The locomotion achieved by the controller pro-
posed in this paper is a novel effective locomotion because it tracks the motion of the robot’s
head for an arbitrary trajectory and ensures the body avoids a moving obstacle. We derive the
kinematic model of the motion of the snake robot using switching constraints, design the con-
troller to accomplish trajectory tracking, and propose a method for the selection of constraints
and switching conditions to ensure static stability and singularity avoidance of the robot. In
this paper, we introduce a cost function related to the avoidance of a singularity and a moving
obstacle. Simulations and experiments were carried out to determine the effectiveness of the
proposed controller and switching constraints.
2. Model
We consider an n link wheeled snake robot as shown in Figure 1. A link comprises a pitch
rotational joint and a pair of passive wheels mounted coaxially, and is connected to another
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Figure 2. Lifting links and wheelless links.
link via a yaw rotational joint. All wheels are passive and all joints are active. We assume that
a passive wheel does not slide in the sideways direction and the environment is flat. lf is the
distance from the anterior end of the link to the wheel axis, lb is the distance from the posterior
end of the link to the wheel axis, lw is the distance from the center line of a link to the center
of a wheel, and lg is the distance from the anterior end of the link to the center of gravity of
the link. The length of the link is (lf + lb). The lifting links of the snake robot are regarded as
wheelless links of the two-dimensional snake robot, and the grounded links are regarded as the
wheeled links (Figure 2). That is, we model the lifting motion of the snake in three-dimensional
space by switching the wheeled link to the wheelless link in the two-dimensional motion. We
assume that the time required to lift and ground wheels is infinitesimal. Moreover, we assume
that the motion of pitch joints does not affect the motion of the position and attitude of the
robot’s head and links because we set that the desired value of pitch angles is a minute value
and the dynamic influence of the motion of pitch joints is small.
2.1 Snake robot
Let ψ = [ψ1, · · · , ψn−1]T be the pitch joint angles of each link and we assume that ψ ≃ 0 because
we consider the motion of the snake robot on a two-dimensional plane. Let w = [xh, yh, θh]
T be
the position and attitude of the snake head, φ = [φ1, · · · , φn−1]T be the yaw joint angles of the
links, and q = [wT ,φT ]T be generalized coordinates. It is necessary to remove the passive wheel
of the head link to control the position and attitude of the snake head at the same time [26]. If
the head link is wheelless and other links are wheeled, the kinematic equation of snake robots
can be written as
A(q)w˙ = B(q)φ˙. (1)
Then, let the “i-th mode” be the condition in which the i-th constraint condition of the snake
robot is satisfied and Nm be the number of modes. In the i-th mode, the constraint condition
that mi (j1, · · · , jmi-th) links are wheelless is satisfied, and the kinematic equation of the i-th
mode can be written as
A˜iw˙ = B˜iu (i = 1, · · · , Nm), (2)
3
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Figure 3. Modes and kinematic equations in the case n = 6. Figure 4. Relationship between σ and time.
where A˜i ∈ R(n−mi)×3 and B˜i ∈ R(n−mi)×(n−1) are matrices whose (j2−1), · · · , (jmi−1)-th row
vectors are eliminated from the matrices A and B in (1), and u = φ˙. If (n−mi) ≥ 3 is satisfied,
the system (2) becomes redundancy controllable [26]. Figure 3 shows an example of modes and
kinematic equations in the case n = 6.
2.2 Snake robot with switching constraints
Changes in the constraints of the snake robot are because of the active motion of the robot and
changes in the environment. In this paper, we consider the active change of constraints by the
robot itself. Let ∆T be the switching time period. The system of the snake robot with switching
constraints is then expressed as
A˜σ(t)w˙ = B˜σ(t)u
σ(t) = σk, ∀t ∈ [tk, tk+1) (3)
where σ ∈M is the discrete mode number, M = {1, 2, · · · , Nm}, and tk = k∆T (k = 0, 1, 2, · · · )
is the switching time. Figure 4 shows the relationship between σ and time. The mode σ switches
at t = tk instantaneously and holds the mode number at tk ≤ t < tk+1 as shown in Figure 4.
By considering that the first link is wheelless and n−mσ ≥ 3, the total number of modes Nm
is obtained as the following equation.
Nm = n−1Cn−1 + n−1Cn−2 + · · ·+ n−1C3
=
n−1∑
j=3
n−1Cj (4)
where iCj is the number of combinations from i to j and iCj =
i!
j!(i−j)! . The first link is wheelless
and the robot can select whether each of other links is wheeled or wheelless. (4) is the number
of combinations of selecting wheeled or wheelless links. In (4), for example, n−1Cn−1 and n−1C3
are the number of combinations in the case that the links from the second to n-th are wheeled
and in the case that three links are wheeled, respectively. For example, Nm = 16 if n = 6, and
Nm = 99 if n = 8.
3. Controller design
Snake robots can effectively search narrow spaces. In such environments, snake robots are re-
motely controlled using information obtained by sensors on the robot, e.g., cameras and laser
range finders. Generally, the sensors are set on the head of the robot and the operator controls
the robot by indicating the desired direction of the head [27, 28]. Thus, we set the main control
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(a) Collision without lifting wheels. (b) Collision avoidance with lifting wheels.
Figure 5. Moving obstacle and the robot.
Figure 6. Control strategy.
objective as the trajectory tracking of the head.
Next, we consider the sub control objective. It is necessary for the snake robot to avoid a
singular configuration where all the passive wheels are either parallel or in an arc shape [29].
We found that introduction of links without wheels made the robot a kinematically redundant
system and the robot could avoid a singularity using redundancy [26]. Hence, we set one of
the sub control objectives as singularity avoidance. Furthermore, the robot in this paper can
locomote with more freely because the system not only has kinematic redundancy but can also
switch modes to realize an additional degree of freedom. Thus, we consider the body avoiding a
moving obstacle as shown in Figure 5. In the case without switching modes, it is possible that
a link collides with the obstacle as shown in Figure 5(a) because the link has non-holonomic
constraints of the wheels and the link can not move to avoid the collision freely. By contrast, the
link can move freely to avoid the collision by lifting wheels of the link if the robot can switch the
mode as shown Figure 5(b). The switching of modes is effective in avoiding a moving obstacle.
We therefore set the additional sub control objective as the avoidance of a moving obstacle.
It is necessary to design the joint input u(t) and the mode σ(t) in (3). Let the main control
objective be the trajectory tracking of w. Let sub control objectives be the avoidance of a
singularity and a moving obstacle. The control strategy is shown in Figure 6. The controller
consists of the joint input and the selection of the mode. The joint input is the joint angular
velocity that rotates the joint of the robot. The selection of the mode σ relates to a constraint
5
July 23, 2019 Advanced Robotics switching˙repository
Figure 7. Switching condition (10).
condition of the wheels. The joint input u is like a parallel distributed controller for each mode. u
involves an element attributed to the redundancy of the robot because the snake robot becomes
a redundant system if wheelless links are introduced [26]. In this paper, u without redundancy
is designed to achieve the main control objective, and the redundancy in u and the mode σ are
determined to achieve the sub control objectives.
3.1 Design of input u
We consider a decrease in the value of the cost function V (q) as sub control objectives (sub-
tasks). In system (3) we set the input u as
u(t) = uσ(t)
= B˜†σA˜σ{w˙d −K(w −wd)}+ (I − B˜†σB˜σ)knη (5)
where uσ is the input for the σ-th mode, B˜
†
σ is a pseudo inverse matrix of B˜σ, η = (∂V/∂φ)
T
= [∂V/∂φ1, · · · , ∂V/∂φn−1]T is the gradient of the cost function V (q), and wd is a desired value
of w, K > 0 is a feedback gain, and kn is a gain for sub-tasks. By substituting (5) in (3), the
closed-loop system is expressed as
A˜σ{(w˙ − w˙d) +K(w −wd)} = 0. (6)
If the matrix A˜σ is of full column rank (i.e., the robot is not the singular configuration), the
uniqueness of the solution is guaranteed. The solution of (6) is given as
(w˙ − w˙d) +K(w −wd) = 0 (7)
and w converges to the desired trajectory wd. Note that (7) is independent of the mode σ.
The state variable w to be controlled converges on its desired vector wd exponentially without
depending on the switching constraints unless the robot becomes the singular configuration.
The second term on the right hand side of (5) belongs to the null space of matrix B˜σ, and
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Figure 8. Constraint situations and modes.
expresses the kinematic redundancy. The derivative of V is expressed as
V˙ (q) =
∂V
∂w
w˙ +
∂V
∂φ
φ˙
=
∂V
∂w
w˙ +
∂V
∂φ
u
=
∂V
∂w
w˙ + ηT B˜†σA˜σ{w˙d −K(w −wd)}+ ηT (I − B˜†σB˜σ)knη. (8)
By setting kn < 0, the third term on the right of (8) becomes negative semidefinite because
I − B˜†σB˜σ ≥ 0 [30] and contributes to decrease the cost function V . Thus, the second term of
the input (5) can contribute to decrease the cost function V .
3.2 Cost function
Sub-tasks are the avoidance of a singularity and moving obstacles. If the robot is in singular
configuration, det(A˜Tσ A˜σ) becomes zero. The robot needs to satisfy det(A˜
T
σ A˜σ) > 0 to avoid the
singular configuration [26]. We assume that the position of the moving obstacle is given and set
the cost function V as
V (q) = a
(
n∑
i=1
1
di
)
+ b
1
det(A˜Tσ A˜σ)
(9)
where di is the distance between the center position of the i-th link and the center position of the
obstacle (xob, yob), and a > 0 and b > 0 are weight constants. If the values of di and det(A˜
T
σ A˜σ)
are large, the value of V becomes small. The robot can move to avoid the singular configuration
and the collision with the obstacle if the robot moves to decrease V .
7
July 23, 2019 Advanced Robotics switching˙repository
3.3 Condition for switching constraints
We consider the condition for static stable locomotion considering the effects of switching modes.
At t = tk, let c(tk) be the set of grounded links, CG(tk) be the center of gravity of the whole
body of the snake robot, and P (q(tk); c(tk)) be the supporting polygon area constructed by the
passive wheels of the grounded links. We introduce the conditions
CG(tk) ∈ P (q(tk); c(tk) ∩ c(tk−1)), (10)
CˆG(t) ∈ P (qˆ(t); c(tk)), tk ≤ t < tk+1, (11)
where CˆG is the estimate value of CG using the estimate value qˆ of q that is calculated according
to (5) and the solution of (7). The condition (10) means that the center of gravity of the robot is
contained in the supporting polygon constructed by the common grounded links (c(tk)∩c(tk−1))
before and after switching. Figure 7 shows examples of condition (10). The snake robot does
not satisfy condition (10) in switching case 1 but does satisfy the condition in switching case
2. Condition (11) means that the snake robot is statically stable during tk ≤ t < tk+1. The
snake robot is ensured the static stability of the gait, and can avoid impractical switching:
e.g., switching where all grounded links are switched to lifted links or vice versa by introducing
conditions (10) and (11).
However, the snake robot needs to avoid the singular configuration. If A˜σ is of row full rank,
the snake robot does not have the singular configuration. Therefore, it is necessary to satisfy the
condition
kˆ(t) > cs, tk ≤ t < tk+1, (12)
where k(t) = det(A˜Tσ(t)A˜σ(t)), cs is a minimal positive value, and kˆ is the estimate value of k
using qˆ.
3.4 Selection of mode by designing σ
Considering conditions (10), (11) and (12), we formulate the decrease in V as a finite time
optimal control problem at t = tk:
min
σ
∫ tk+1
tk
V (qˆ) dt (13)
subject to Eqs.(10), (11) and (12),
where qˆ is the estimate vector of q, and σk is the optimal mode that attains the minimum
value of (13). σk is calculated by a full search of all combinations of switching mode. Based on
the fixed mode, the robot calculates the input using (5) and the real-time obstacle’s position
measured by sensors. This means that the robot attempts to avoid the collision with the obstacle
as far as possible in the current mode σk. However, when the robot designs σ by the selection of
the mode according to (13), the robot calculates the cost function using the obstacle’s position
(xob(tk), yob(tk)) at t = tk as the position at tk ≤ t ≤ tk+1. The robot has the potential to select
an unsuitable mode if the obstacle moves quickly because the obstacle’s position is treated as
a constant. If the obstacle’s motion is predicted, the robot can select a more suitable mode by
applying the predicted position to (13). We assume that the speed of the obstacle is not high,
and this paper does not predict the obstacle’s motion to simplify the problem.
The optimal control problem (13) is solved at t = tk and σk is selected as σ(t) at t < tk+1. The
optimal problem (13) can not be proved to be solvable. However, if the robot has many links,
there are many modes. Therefore, there is a reasonable possibility that (13) is solvable.
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Figure 9. Motion of the robot without switching in simulation.
Figure 10. Motion of the robot with random switching in simulation.
4. Simulations
In this simulation, we consider a six-link snake robot where lf = lb = lg = 0.088 m, lw = 0.043 m
and Nm = 16. The parameters are equal to those of the experimental snake robot to be described
in the next section. Figure 8 shows the configurations of all modes of a six-link snake robot. We set
the initial condition as w(0) = [−0.01,−0.01, 3.24]T and φ(0) = [−pi/6, pi/6, pi/6, pi/6, pi/6]T , the
desired trajectory as wd = [0.005t, 0, pi]
T , and the position of the moving obstacle as (xob, yob) =
(−0.6 + 0.0055t, −0.3 + 0.0045t), and define K = 1, ∆T = 2 s, kn = −0.05, a = 10, b = 1.0 and
cs = 0.05.
Figure 9 shows the motion of the snake robot and obstacle in the case that the mode is eight
(σ = 8) without switching modes, while circles represent the position of the obstacle and the
9
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Figure 11. Motion of the robot with optimal switching in simulation.
lifted wheels are not drawn. The robot attempted to avoid the obstacle using redundancy until
t = 71.4 s, but finally collided with the obstacle because the non-holonomic constraint of the
wheel of the fourth link prevented the robot from avoiding the collision. Figure 9 corresponds
to the result of our previous work [26], which investigated the control of snake robots without
switching, and shows that the robot cannot avoid collision with a moving obstacle. Figure 10
shows the motion in the case of random switching. The robot collided with the obstacle at
t = 85.7 s. Thus, it was found that there was a limit to the avoidance motion of the robot in the
case without switching modes and the case with random switching.
Figures 11–15 show the simulation results for the case with optimal switching following (13).
Figure 11 shows the motion of the robot and obstacle. Figures 12–15 show the time response
and the desired trajectory of w, and the time response of the angles φ, the input u, modes σ,
detA˜Tσ A˜σ, dmin = mini∈{1,··· ,n} di, and the cost function V . The obstacle was moving to approach
the body of the robot and the robot avoided the obstacle if the distance between the robot and
obstacle became small as shown in Figure 11. The controlled variables w tracked the desired
trajectory as shown in Figure 12 and the singularity was avoided because of detA˜Tσ A˜σ ̸= 0 as
shown in Figure 15. Therefore, it was found that the robot could accomplish trajectory tracking,
singularity avoidance, and moving obstacle avoidance using the proposed controller with optimal
switching.
5. Experiments
Experiments were carried out to determine the effectiveness of the proposed control strategy.
The experimental system is shown in Figure 16. The snake robot has links on which the passive
wheels and the pitch joints are mounted, and the links are connected by yaw joints, where
lf = lb = lg = 0.088 m, lw = 0.043 m, and the diameter of the wheels is 0.058 m. The first
link is wheelless. Actuators of the joints are Dynamixel MX-64R manufactured by ROBOTIS.
Yaw joints are used for motion on the xy plane and correspond to φi in Figure 1. Pitch joints
are used to switch constraints. Passive wheels and pitch joints are placed coaxially in each link.
The real-time position and attitude of the robot’s head and the position of the moving obstacle
were measured by OptiTrack which is an optical motion capture system and tracking software
manufactured by NaturalPoint, Inc. , and the real-time joint angles are measured by the absolute
10
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Figure 13. Time responses of φ with optimal switching in simulation.
encoder in the Dynamixel MX-64R. Supply voltage of the actuator is 12 V, and the personal
computer (PC) has a Core i7-3930K 3.2-GHz central processing unit and 16 GB random access
memory. The PC calculates the input and controls actuators of the robot according to the
proposed controller using the values measured by actuators and the motion capture system. The
PC and actuators are connected with a daisy chain via an RS485 interface.
5.1 Implementation of switching constraints
Switching constraint is obtained from the motion of pitch joints of each link. The snake robot
can lift a wheel using pitch joints as shown in Figure 17. Figure 18 shows the model of a lifting
motion of the snake robot. ψi is the angle of the pitch joint of the i-th link. The wheel of the
i-th link can be lifted using the pitch joints of the i, i− 1, i+ 1-th links. ψid is the desired value
of ψi. ψid is set as in Table 1 to switch constraints depending on the constraint conditions of the
i, i − 1, i + 1-th links where α is a minute value to ensure switching without adverse effects on
motion in the xy plane. We set the angular velocity of the pitch joint ψ˙i as:
ψ˙i = −KP (ψi − ψid)−KI
∫
(ψi − ψid)dt (14)
where KP ,KI > 0 are the feedback gain and (14) is a proportional-integral controller.
5.2 Experimental results
The initial condition φ(0), the desired trajectory wd, and other parameters are equal to those
in the simulations. We set KP = 4, KI = 0.1, and α = pi/120, and the obstacle is operated by
human hands to approach the robot.
Figures 19–24 show the experimental results in the case with optimal switching following (13).
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Figure 16. Experimental system.
Figure 17. An example of lifting motion of the snake robot by pitch joints.
Figures 19–23 show the time response and the desired trajectory of w, and the time responses
of φ, ψ, u, σ, detA˜Tσ A˜σ, dmin, and V . Figure 24 shows the motions of the robot and obstacle.
The controlled variable w tracked the desired trajectory wd as shown Figure 19 and the robot
12
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Table 1. Constraint conditions and ψid.
i-th link (i− 1)-th link (i+ 1)-th link ψid
grounded lifting lifting 2α
lifting grounded α
grounded lifting α
grounded grounded 0
lifting lifting lifting 0
lifting grounded −α
grounded lifting −α
grounded grounded −2α
Figure 18. Model of a lifting motion by pitch joints.
avoided the singular configuration because detA˜Tσ A˜σ ̸= 0 as shown in Figure 23. It was found
that the switching of modes was accomplished because the pitch angles ψ were close to the
desired value. The obstacle was operated to move toward the body and dmin became smaller.
dmin temporarily increased after the robot switched modes and moved to avoid the obstacle if
dmin became some small value. In Figures 23 and 24, it was found that the mode was switched
and motion was generated to avoid the obstacle if the obstacle came close to the body.
However, there was error of w at t = 41, 49, 65, 89, 96 s. We guess that one of the causes of
the error was the large acceleration because there were discontinuous changes in u because of
the switching of modes. The large acceleration generated the sideslip of a wheel. Moreover, from
the start of the switching to the time when the pitch angle ψ reached the desired value took
about 1 s, despite the assumption that the time to lift and ground wheels is infinitesimal. Hence,
there was modeling error between the actual mode of the system and the mode that was used
in calculation of the input. We need to consider the transition time taken to complete switching
to realize more accurate tracking.
As a result, it was found that the snake robot can accomplish the trajectory tracking while
avoiding the singular configuration and the moving obstacle using the proposed controller. The
generated motion was a sideways motion of the body with the trajectory tracking of the robot’s
head. Sidewinding is known as a sideways motion of snake robots [10, 11, 16]. Previous studies
[10, 11, 16] are different from ours in that they were inspired by real snakes and did not consider
the tracking of the robot’s head. The generated motion in this paper is effective and significant
without regard to locomotion patterns of real snakes.
However, the increase in the number of links leads to a large increase in the calculation cost
of the selection of the mode, and it is difficult to apply the proposed controller to a robot that
has more than seven links. For example, if n = 10, Nm is 466 following (4), and the calculation
cost is about 30 times that for n = 6. To reduce calculation cost is a goal of future works.
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Figure 20. Time responses of φ in experiment.
6. Conclusion
This paper presented a trajectory tracking controller of a snake robot with the switching of
lifting parts. We derived the kinematic model of the motion of the snake robot with switching
constraints, designed the controller to accomplish trajectory tracking, and proposed a method for
selecting constraints to accomplish sub-tasks and switching conditions to ensure static stability
and singularity avoidance of the robot. We introduced a cost function related to avoiding the
singularity and moving obstacle for sub-tasks, and simulations and experiments were carried out
to determine the effectiveness of the proposed controller and switching constraints. The snake
robot accomplished trajectory tracking with moving-obstacle avoidance employing the proposed
control method.
Further studies are required to improve the tracking accuracy by introducing the transition
time of modes, decrease the calculation cost of selecting modes, and design the controller while
planning the desired trajectory of the robot’s head for more effective locomotion.
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Figure 24. Motion of the robot in experiment.
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